Abstract. Our main goal of this article is to prove the second main theorem for entire curves into Hilbert modular surfaces. We show a condition such that entire curves in a Hilbert modular surface of general type are contained in the exceptional divisor of a Hilbert modular surface. We also show the second main theorem for compact leaves of holomorphic foliation on a smooth projective algebraic surface.
Introduction and main result
In this paper, we prove the second main theorem for entire curves into Hilbert modular surfaces which are generically non-tangent to a naturally defined holomorphic foliations.
First we recall the definition and basic properties of Hilbert modular surfaces. Let K be a real quadratic field of discriminant D and let o be its ring of integers. A Hilbert modular group Γ is defined by SL 2 (o)/{1, −1} where
Then Γ acts on h × h where h is the upper half plane. By adding finite number of cusps, the complex space h 2 /Γ can be compactified to a complex projective algebraic variety h 2 /Γ. In h 2 /Γ, there exist singular points which are quotient singular points and cusps. Quotient singular points arise from the points on h × h with non-trivial isotropy group in Γ. The minimal resolution of quotient singularity consists of the Hirzebruch-Jung string (a chain of rational curves intersecting transversally). The minimal resolution of cusp consists of a cycle of rational curves. By resolving the singularities of h 2 /Γ in the canonical minimal way, we get a Hilbert modular surface X and X is a nonsingular complex projective algebraic surface. In [5] and [6] , the Enriques-Kodaira rough classification of Hilbert modular surfaces was done and it was proved that a Hilbert modular surface is of general type if the discriminant D is big.
On h 2 /Γ, there are two natural foliations arising from the vertical and the horizontal ones on h × h. These foliations induce two foliations on X which are called the Hilbert modular foliations. The Hilbert modular foliations are transverse each other outside the exceptional divisors of the minimal resolution X → h 2 /Γ. These exceptional divisors are algebraic leaves of the two foliations and there does not exist othere compact leaf of the Hilbert modular foliations. For more properties of the Hilbert modular foliations, see [2] and Section 4 of [3] .
Our main theorem is the following second main theorem: 
where S f (r) = O(log + T f (r) + log + r)∥, and " ∥" means that the inequality holds for all r ∈ (0, +∞) possibly except for a subset with finite Lebesgue measure.
In [1] , the second main theorem for non-constant entire curves into a compactified locally symmetric space which are not contained in the exceptional divisor was proved. If one applies their second main theorem to Hilbert modular surface, the same inequality for non-constant entire curves as that in Theorem 1 follows. However, their second main theorem does not deal with the case where Γ has the torsion, and our proof of Theorem 1 is completely different from the proof of the second main theorem in [1] .
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Preliminaries on Nevanlinna theory
We introduce some functions which play an important role in the Nevanlinna theory. In this section, we mention [8] as general reference. Let A be an effective divisor on C. A is written as ∑ m j P j where {P j } is a set of discrete points in C and m j are positive integers. Let k be a natural number or +∞. Put n k (r, A) = ∑ |P j |<r min{k, m j }. We define the counting function of A by
Let M be a complex projective algebraic manifold, and let L be a holomorphic line bundle on M . Let h be a hermitian metric of L and let ω = −dd c log h be its Chern form. Let f : C → M be a non-constant holomorphic map. Then we define the characteristic function of L by
If an effective reduced divisor B on M is simple normal crossing, then the logarithmic cotangent bundle Ω 1 M (log B) is defined. Define
Because of the definition, a non-constant holomorphic map f : C → M which is not contained in B lifts to the holomorphic map f
The following theorem is called McQuillan's "Tautological inequality" (see [7] , [9] for proof), and this is one of a geometric interpretation of the lemma of the logarithmic derivative.
Theorem 2 (McQuillan's "Tautological Inequality", [7] 
Singular holomorphic foliation and the second main theorem
Let M be a smooth complex surface. A singular holomorphic foliation F on M is given by an open covering {U j } of M and holomorphic vector fields v j ∈ H 0 (U j , T M ) with isolated zeros such that
The singular set Sing(F) is the discrete subsets defined by the zero points of v j . Then F induces a holomorphic line bundle T F on M and a sheaf injection T F → T M (we may assume that T F is a subline bundle of T M on M \Sing(F)).
There exists an exact sequence of sheaves
for a suitable line bundle N F and a ideal sheaf I Z of a suitable subscheme Z of X. The support of Z is contained in Sing(F). Taking the dual of this exact sequence, we obtain an exact sequence of sheaves
We show the second main theorem of compact leaves.
Theorem 3. Let M be a smooth complex projective algebraic surface and F be a singular holomorphic foliation on M . Let C be an effective reduced divisor on M with simple normal crossing. Assume that C is a leaf of F. Let f : C → M be a non-constant holomorphic map which is generically non-tangent to F. Then it follows that
(see [2] ). Then it follows that
and we may consider N * F (C) as a subsheaf of Ω 1 M (log C). There exists an epimorphism
and Proj
is a hypersurface of Since f is not tangent to F generically, the image of f ′ is not contained in S. It holds that
proof of the main theorem
Now we prove Theorem 1
(proof of Theorem 1). Let F and G be the Hilbert modular foliations on a Hilbert modular surface X. Then F and G are transverse each other outside the exceptional divisor E and they have a first order tangency along E. Let U be an open set of X and let
We show one corollary about the degeneracy of entire curves.
Corollary 1.
Let X be a Hilbert modular surface of general type. Let f be a nonconstant holomorphic map from C to X. Assume that f is ramified over E, i.e.,
Proof. Assume that f is generically non-tangent to the Hilbert modular foliations. Since f * E ≥ 2 suppf * E, it follows that
Using Theorem 1, it follows that
This is a contradiction since K X is ample. Therefore f is contained in a leaf of the Hilbert modular foliation. By the Theorem of McQuillan [7] , all parabolic leaves on a smooth projective algebraic surface of general type are compact. Then the parabolic leaf which contains f (C) is compact. The compact leaf of the Hilbert modular foliations is the exceptional divisor E. Hence f (C) is contained in E.
The condition that f * E ≥ 2 suppf * E
can not be removed. The diagonal set
projects down to a curve in h 2 /Γ. The closure of this curve in a Hilbert modular surface X is a rational curve which is not contained in E (see Section 4 of [4] ).
